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Introduction 



These notes are intended to be a summary of the main ideas in 
course CS 310: Mathematical Foundations of Computer Science. I 
may keep working on this document as the course goes on, so these 
notes will not be completely finished until the end of the quarter. 

The textbook for this course is Keneth H. Rosen: Discrete Mathe- 
matics and Its Applications , Fifth Edition, 2003, McGraw-Hill. With 
few exceptions 1 will follow the notation in the book. 

These notes contain some questions and “exercises” intended to 
stimulate the reader who wants to play a somehow active role while 
studying the subject. They are not homework nor need to be addressed 
at all if the reader does not wish to. I will recommend exercises and 
give homework assignments separately. 

Finally, if you find any typos or errors, or you have any suggestions, 
please, do not hesitate to let me know. 



Miguel A. Lerma 
mlerma@math.northwestern.edu 
Northwestern University 
Spring 2005 

http : //www . math . northwestern . edu/~mlerma/ courses/cs310-05s/ 
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CHAPTER 1 



Logic, Proofs 



1.1. Propositions 

A proposition is a declarative sentence that is either true or false 
(but not both). For instance, the following are propositions: “Paris 
is in France” (true), “London is in Denmark” (false), “2 < 4” (true), 
“4 = 7 (false)”. However the following are not propositions: “what 
is your name?” (this is a question), “do your homework” (this is a 
command), “this sentence is false” (neither true nor false), u x is an 
even number” (it depends on what x represents), “Socrates” (it is not 
even a sentence). The truth or falsehood of a proposition is called its 
truth value. 



1.1.1. Connectives, Truth Tables. Connectives are used for 
making compound propositions. The main ones are the following (p 
and q represent given propositions): 



Name 


Represented 


Meaning 


Negation 


“• P 


“not p” 


Conjunction 


p A q 


“p and q” 


Disjunction 


p V q 


“p or q (or both)” 


Exclusive Or 


p®q 


“either p or q, but not both” 


Implication 


p^q 


“if p then cf 


Biconditional 


p •*-> q 


“p if and only if q‘ 



The truth value of a compound proposition depends only on the 
value of its components. Writing F for “false” and T for “true”, we 
can summarize the meaning of the connectives in the following way: 
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p 


q 


A P 


p A q 


p V q 


p © q 


p^q 


P <T-> q 


T 


T 


F 


T 


T 


F 


T 


T 


T 


F 


F 


F 


T 


T 


F 


F 


F 


T 


T 


F 


T 


T 


T 


F 


F 


F 


T 


F 


F 


F 


T 


T 



Note that V represents a non-exclusive or, i.e., p V q is true when 
any of p, q is true and also when both are true. On the other hand © 
represents an exclusive or, i.e., p © q is true only when exactly one of 
p and q is true. 

1.1.2. Tautology, Contradiction, Contingency. 

1. A proposition is said to be a tautology if its truth value is T 
for any assignment of truth values to its components. Example : 
The proposition p V ->p is a tautology. 

2. A proposition is said to be a contradiction if its truth value is F 
for any assignment of truth values to its components. Example : 
The proposition p A -ip is a contradiction. 

3. A proposition that is neither a tautology nor a contradiction is 
called a contingency. 



P 


-np 


73 

< 

J 

73 


73 

> 

J 

73 


T 


F 


T 


F 


T 


F 


T 


F 


F 


T 


T 


F 


F 


T 


T 


F 



t t 

tautology contradiction 

1.1.3. Conditional Propositions. A proposition of the form “if 

p then q” or “p implies (f . , represented “p — > q” is called a conditional 
proposition. For instance: “if John is from Chicago then John is from 
Illinois” . The proposition p is called hypothesis or antecedent, and the 
proposition q is the conclusion or consequent. 

Note that p — > q is true always except when p is true and q is false. 
So, the following sentences are true: “if 2 < 4 then Paris is in France” 
(true — > true), “if London is in Denmark then 2 < 4” (false — > true), 
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“if 4 = 7 then London is in Denmark” (false — > false). However the 
following one is false: “if 2 < 4 then London is in Denmark” (true — > 
false). 

In might seem strange that “p — > q” is considered true when p is 
false, regardless of the truth value of q. This will become clearer when 
we study predicates such as “if a; is a multiple of 4 then a: is a multiple 
of 2”. That implication is obviously true, although for the particular 
case x = 3 it becomes “if 3 is a multiple of 4 then 3 is a multiple of 2” . 

The proposition p q, read “p if and only if q” , is called bicon- 
ditional. It is true precisely when p and q have the same truth value, 
i.e. , they are both true or both false. 



1.1.4. Logical Equivalence. Note that the compound proposi- 
tions p — > q and =p V q have the same truth values: 



p 


q 


=p 


-i pVg 


p^q 


T 


T 


F 


T 


T 


T 


F 


F 


F 


F 


F 


T 


T 


T 


T 


F 


F 


T 


T 


T 



When two compound propositions have the same truth values no 
matter what truth value their constituent propositions have, they are 
called logically equivalent. For instance p — ► q and ->p V q are logically 
equivalent, and we write it: 

p — » q = -i p V g 



Note that that two propositions A and B are logically equivalent 
precisely when A ^ B is a tautology. 

Example-. De Morgan’s Laws for Logic. The following propositions 
are logically equivalent: 



-i (p V q) = -ip A ->q 
-i (p A q) = -ip V ->q 



We can check it by examining their truth tables: 
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p 


q 


^ P 


^ q 


p V q 


-•(p v q) 


J 

"*3 

> 

J 

►CJ 


p A q 


~^(pAq) 


J 

< 

J 

►CJ 


T 


T 


F 


F 


T 


F 


F 


T 


F 


F 


T 


F 


F 


T 


T 


F 


F 


F 


T 


T 


F 


T 


T 


F 


T 


F 


F 


F 


T 


T 


F 


F 


T 


T 


F 


T 


T 


F 


T 


T 



Example : The following propositions are logically equivalent: 
p q = (p — > q) A (q — >• p) 



Again, this can be checked with the truth tables: 



P 


q 


p^q 


q^p 


(P - 


+ q) A (q ~ 


■+P) 


p q 


T 


T 


T 


T 


T 


T 


T 


F 


F 


T 


F 


F 


F 


T 


T 


F 


F 


F 


F 


F 


T 


T 


T 


T 



Exercise : Check the following logical equivalences: 

-i(p — > ► g) = p A~>q 
p — > q = -15 — > 

-<(p ^ q) = p®q 



1.1.5. Converse, Contrapositive. The converse of a conditional 
proposition p — > g is the proposition q — > p. As we have seen, the bi- 
conditional proposition is equivalent to the conjunction of a conditional 
proposition an its converse. 

p q = (p — > ► g) A (g — > p) 

So, for instance, saying that “John is married if and only if he has a 
spouse” is the same as saying “if John is married then he has a spouse” 
and “if he has a spouse then he is married” . 

Note that the converse is not equivalent to the given conditional 
proposition, for instance “if John is from Chicago then John is from 
Illinois” is true, but the converse “if John is from Illinois then John is 
from Chicago” may be false. 
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The contrapositive of a conditional proposition p — > q is the propo- 
sition -i q — > -ip. They are logically equivalent. For instance the con- 
trapositive of “if John is from Chicago then John is from Illinois” is “if 
John is not from Illinois then John is not from Chicago”. 
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1.2. Predicates, Quantifiers 

1.2.1. Predicates. A predicate or propositional function is a state- 
ment containing variables. For instance “x + 2 = 7” , “X is American” , 
“x < y” , “p is a prime number” are predicates. The truth value of the 
predicate depends on the value assigned to its variables. For instance if 
we replace x with 1 in the predicate u x + 2 = 7” we obtain “1 + 2 = 7” , 
which is false, but if we replace it with 5 we get “5 + 2 = 7” , which 
is true. We represent a predicate by a letter followed by the variables 
enclosed between parenthesis: P(x), Q(x,y), etc. An example for P(x) 
is a value of x for which P(x) is true. A counterexample is a value of 
x for which P(x) is false. So, 5 is an example for “x + 2 = 7”, while 1 
is a counterexample. 

Each variable in a predicate is assumed to belong to a universe ( or 
domain) of discourse, for instance in the predicate “n is an odd integer” 
'n' represents an integer, so the universe of discourse of n is the set of 
all integers. In U X is American” we may assume that X is a human 
being, so in this case the universe of discourse is the set of all human 
beings. 1 

1.2.2. Quantifiers. Given a predicate P{x), the statement “for 
some x, P(x)” (or “there is some x such that p(x)”), represented 
“3 xP(x)”, has a definite truth value, so it is a proposition in the 
usual sense. For instance if P(x) is “x + 2 = 7” with the integers as 
universe of discourse, then 3 xP(x) is true, since there is indeed an 
integer, namely 5, such that P( 5) is a true statement. However, if 
Q(x) is “2x = 7” and the universe of discourse is still the integers, 
then 3 xQ(x) is false. On the other hand, 3 xQ(x) would be true if we 
extend the universe of discourse to the rational numbers. The symbol 
3 is called the existential quantifier. 

Analogously, the sentence “for all x, P(x)” — also “for any x, P(x)” , 
“for every x, P(x)" , “for each x, P(x)” — , represented “VxP(x)”, has 
a definite truth value. For instance, if P(x) is “x + 2 = 7” and the 

Usually all variables occurring in predicates along a reasoning are supposed to 
belong to the same universe of discourse, but in some situations (as in the so called 
many-sorted logics) it is possible to use different kinds of variables to represent 
different types of objects belonging to different universes of discourse. For instance 
in the predicate “<r is a string of length n” the variable a represents a string, while 
n represents a natural number, so the universe of discourse of a is the set of all 
strings, while the universe of discourse of n is the set of natural numbers. 
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universe of discourse is the integers, then \/x P(x) is false. However if 
Q(x) represents a (x + l) 2 = x 2 + 2x + 1” then \/xQ(x) is true. The 
symbol V is called the universal quantifier. 

In predicates with more than one variable it is possible to use several 
quantifiers at the same time, for instance \/xWy3z P(x,y, z), meaning 
“for all x and all y there is some z such that P(x, y, z)” . 

Note that in general the existential and universal quantifiers cannot 
be swapped, i.e., in general \/x3y P(x,y) means something different 
from 3 yWx P(x,y). For instance if x and y represent human beings and 
P(x,y ) represents “x is a friend of y”, then \/x3 yP(x,y) means that 
everybody is a friend of someone, but 3y\/xP(x,y) means that there 
is someone such that everybody is his or her friend. 

A predicate can be partially quantified, e.g. Wx3y P(x, y, z, t). The 
variables quantified ( x and y in the example) are called bound variables, 
and the rest ( z and t in the example) are called free variables. A 
partially quantified predicate is still a predicate, but depending on 
fewer variables. 

1.2.3. Generalized De Morgan Laws for Logic. If 3xP{x) is 
false then there is no value of x for which P(x) is true, or in other 
words, P(x) is always false. Hence 

-i 3 \xP(x) = \/x~<P(x). 

On the other hand, if Vx P{x) is false then it is not true that for 
every x, P(x) holds, hence for some x, P(x) must be false. Thus: 

- NxP(x ) = 3x~'P(x). 

This two rules can be applied in successive steps to find the negation 
of a more complex quantified statement, for instance: 

-i 3 x\/yp(x,y) = \/x~\/y P(x, y) = \/x3y ~>P(x, y) . 

Exercise: Write formally the statement “for every real number there 
is a greater real number”. Write the negation of that statement. 

Answer : The statement is: \/x 3 y ( x < y) (the universe of discourse 
is the real numbers). Its negation is: 3x \/y ->(x < y), i.e., 3 x\/y (x y). 

(Note that among real numbers x y is equivalent to x > y, but 
formally they are different predicates.) 
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1.3. Proofs 

1.3.1. Mathematical Systems, Proofs. A Mathematical Sys- 
tem consists of: 

1. Axioms : propositions that are assumed true. 

2. Definitions: used to create new concepts from old ones. 

3. Undefined terms: corresponding to the primitive concepts of the 
system (for instance in set theory the term “set” is undefined). 

A theorem is a proposition that can be proved to be true. An 
argument that establishes the truth of a proposition is called a proof. 

Example: Prove that if x > 2 and y > 3 then x + y > 5. 

Answer: Assuming x > 2 and y > 3 and adding the inequalities 
term by term we get: x + y > 2 + 3 = 5. 

That is an example of direct proof. In a direct proof we assume the 
hypothesis together with axioms and other theorems previously proved 
and we derive the conclusion from them. 

An indirect proof or proof by contrapositive consists of proving the 
contrapositive of the desired implication, i.e., instead of proving p — > q 
we prove ->q — > ~<p. 

Example: Prove that if x + y > 5 then x > 2 or y > 3. 

Answer: We must prove that x + y > 5 — » (x > 2) V (y > 3). An 
indirect proof consists of proving -i((a; > 2) V (y > 3)) — >• ->(x + y > 5). 
In fact: ->((;£ > 2) V (y > 3)) is the same as (x < 2) A(y < 3), so adding 
both inequalities we get x + y < 5, which is the same as ~<(x + y > 5). 

Proof by Contradiction. In a proof by contradiction or ( Reductio ad 
Absurdum ) we assume the hypotheses and the negation of the conclu- 
sion, and try to derive a contradiction, i.e., a proposition of the form 
r A —>r. 

Exmnple: Prove by contradiction that if x + y > 5 then either x > 2 
or y > 3. 

Answer: We assume the hypothesis x + y > 5. From here we must 
conclude that x > 2 or y > 3. Assume to the contrary that “x > 2 or 
y > 3” is false, so x < 2 and y < 3. Adding those inequalities we get 
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x < 2 + 3 = 5, which contradicts the hypothesis x + y > 5. From here 
we conclude that the assumption “x < 2 and y < 3” cannot be right, 
so “x > 2 or y > 3” must be true. 

Remark : Sometimes it is difficult to distinguish between an indirect 
proof and a proof by contradiction. In an indirect proof we prove an 
implication of the form p — » q by proving the contrapositive — * ► 

-i p. In an proof by contradiction we prove an statement s (which 
may or may not be an implication) by assuming -is and deriving a 
contradiction. In fact proofs by contradiction are more general than 
indirect proofs. 

Exercise : Prove by contradiction that \[2 is not a rational number, 
i.e., there are no integers a, b such that \[2 = a/b. 

Answer: Assume that \[2 is rational, i.e., \[2 = a/b , where a and b 
are integers and the fraction is written in least terms. Squaring both 
sides we have 2 = a 2 /b 2 , hence 2 b 2 = a 2 . Since the left hand side is 
even, then a 2 is even, but this implies that a itself is even, so a = 2 a'. 
Hence: 2 b 2 = 4 a' 2 , and simplifying: b 2 = 2 a' 2 . This implies that b 2 
is even, so b is even: b = 2b' . Consequently a/b = 2a' /2b' = a! /b' , 
contradicting the hypothesis that a/b was in least terms. 



1.3.2. Arguments, Rules of Inference. An argument is a se- 
quence of propositions p\,p 2 , . . . ,p n called hypotheses (or premises ) 
followed by a proposition q called conclusion. An argument is usually 
written: 



Pi 

P'2 

Pn 

.-. q 



or 

Pi j P2i ■ ■ ■ > Pn/ /. q 

The argument is called valid if q is true whenever pi,p 2 , . ■ ■ ,p n are 
true; otherwise it is called invalid. 
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Rules of inference are certain simple arguments known to be valid 
and used to make a proof step by step. For instance the following 
argument is called modus ponens or rule of detachment : 

p^q 

P 

/. q 

In order to check whether it is valid we must examine the following 
truth table: 



p 


q 


p^q 


P 


q 


T 


T 


T 


T 


T 


T 


F 


F 


T 


F 


F 


T 


T 


F 


T 


F 


F 


T 


F 


F 



If we look now at the rows in which both p — > q and p are true (just 
the first row) we see that also q is true, so the argument is valid. 

Other rules of inference are the following: 



1. Modus Ponens or Rule of Detachment: 

p^q 

V 

q 

2. Modus Tollens : 

p^q 
“I P 



3. Addition : 



4. Simplification: 



P 

p V q 

p A q 
• P 



5. Conjunction: 
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V 

Q 

p A q 

6. Hypothetical Syllogism-. 

p^q 
q — > r 
p r 

7. Disjunctive Syllogism : 

p\J q 
"■ P 
q 

8. Resolution: 

pV q 
-i p V r 
gVr 



Arguments are usually written using three columns. Each row con- 
tains a label, a statement and the reason that justifies the introduction 
of that statement in the argument. That justification can be one of the 
following: 



1. The statement is a premise. 

2. The statement can be derived from statements occurring earlier 
in the argument by using a rule of inference. 



Example: Consider the following statements: “I take the bus or 
1 walk. If I walk I get tired. I do not get tired. Therefore I take the 
bus.” We can formalize this by calling B = “I take the bus”, W = 
“I walk” and T = “I get tired” . The premises are B V W, W —> T and 
-i T, and the conclusion is B. The argument can be described in the 
following steps: 



step statement reason 



1 ) W^T 

2) -iT 

3) W 

4) By W 

5) :.B 



Premise 

Premise 

1.2, Modus Tollens 
Premise 

4.3, Disjunctive Syllogism 
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1.3.3. Rules of Inference for Quantified Statements. We 

state the rules for predicates with one variable, but they can be gener- 
alized to predicates with two or more variables. 

1. Universal Instantiation. If \/xp(x) is true, then p(a) is true for 
each specific element a in the universe of discourse; i.e. : 

\/xp(x ) 

• p(a) 

For instance, from Vx (a; + l = 1 +x) we can derive 7+1 = 1 + 7. 

2. Existential Instantiation. If 3 xp(x) is true, then p(a ) is true for 
some specific element a in the universe of discourse; i.e.: 

3 xp(x) 

• p(a) 

The difference respect to the previous rule is the restriction in 
the meaning of a, which now represents some (not any) element 
of the universe of discourse. So, for instance, from 3a; (x 2 = 2) 
(the universe of discourse is the real numbers) we derive the 
existence of some element, which we may represent ±\/2, such 

that (±V2) 2 = 2. 

3. Universal Generalization. If p(x) is proved to be true for a 
generic element in the universe of discourse, then \/xp(x) is 
true; i.e.: 

p(x) 

Wxp(x) 

By “generic” we mean an element for which we do not make any 
assumption other than its belonging to the universe of discourse. 
So, for instance, we can prove \/x [(a; + l) 2 = x 2 + 2a; + 1] (say, 
for real numbers) by assuming that a; is a generic real number 
and using algebra to prove (x + l) 2 = x 2 + 2x + 1. 

4. Existential Generalization. If p(a) is true for some specific ele- 
ment a in the universe of discourse, then 3 xp(x) is true; i.e.: 

P(a) 

3a;p(a;) 

For instance: from 7 + 1 = 8 we can derive 3a; (x + 1 = 8). 

Example : Show that a counterexample can be used to disprove a 
universal statement, i.e., if a is an element in the universe of discourse, 
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then from ~>p(a) we can derive -> \/xp(x). Answer : The argument is as 
follows: 



step statement reason 

1) -'p(a) Premise 

2) 3a; ~>p(x) Existential Generalization 

3) -\/xp(x) Negation of Universal Statement 




CHAPTER 2 



Sets, Functions, Relations 



2.1. Set Theory 

2.1.1. Sets. A set is a collection of objects, called elements of the 
set. A set can be represented by listing its elements between braces: 
A = {1, 2, 3, 4, 5}. The symbol G is used to express that an element is 
(or belongs to) a set, for instance 3 G A. Its negation is represented by 
e.g. 7 ^ A. If the set is finite, its number of elements is represented 
|A|, e.g. if A = {1, 2, 3, 4, 5} then |A| = 5. 

Some important sets are the following: 

1. N = {0, 1, 2, 3, • • • } = the set of natural numbers. 1 

2. Z = {• • • , —3, —2, —1, 0, 1, 2, 3, • • • } = the set of integers. 

3. Q = the set of rational numbers. 

4. M = the set of real numbers. 

5. C = the set of complex numbers. 

Is S is one of those sets then we also use the following notations: 2 

1. S + = set of positive elements in S, for instance 

Z + = {1, 2, 3, • • • } = the set of positive integers. 

2. S~ = set of negative elements in S, for instance 

Z~ = { — 1, —2, —3, • • • } = the set of negative integers. 

3. S* — set of elements in S excluding zero, for instance M* = the 
set of non zero real numbers. 

Set-builder notation. An alternative way to define a set, called set- 
builder notation, is by stating a property (predicate) P(x) verified by 
exactly its elements, for instance d = {a:GZ|l<x<5}= “set of 

1 Note that N includes zero — for some authors N = (1, 2, 3, • • • }, without zero. 

2 When working with strings we will use a similar notation with a different 
meaning — be careful not to confuse it. 
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integers x such that 1 < x < 5” — i.e. : A = {1,2, 3, 4, 5}. In general: 
A — {xeU \ p(x)}, where U is the universe of discourse in which the 
predicate P(x) must be interpreted, or A = {a: | P(x)} if the universe 
of discourse for P(x) is implicitly understood. In set theory the term 
universal set is often used in place of “universe of discourse” for a given 
predicate. 3 

Principle of Extension. Two sets are equal if and only if they have 
the same elements, i.e.: 

A = B = \/x (x G A x G B) . 

Subset. We say that A is a subset of set B, or A is contained in 
B, and we represent it U A C B" , if all elements of A are in B, e.g., if 
A = {a, b, c} and B = {a, b, c, d, e} then A C B. 

A is a proper subset of B, represented “A C B” , if A C B but 
A ^ B, i.e., there is some element in B which is not in A. 

Empty Set. A set with no elements is called empty set (or null set, 
or void set), and is represented by 0 or {}. 

Note that nothing prevents a set from possibly being an element of 
another set (which is not the same as being a subset!). For instance 
if A = {1, a, {3, t}, {1, 2, 3}} and B = {3,i}, then obviously B is an 
element of A, i.e., B e A. 

Power Set. The collection of all subsets of a set A is called the 
power set of A, and is represented IP(A). For instance, if A = {1, 2, 3}, 
then 

?(A) = {0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, A} . 

Exercise : Prove by induction that if |A| = n then |IP(A)| = 2 n . 

Multisets. Two ordinary sets are identical if they have the same 
elements, so for instance, {a, a, b} and {a, &} are the same set because 
they have exactly the same elements, namely a and b. However, in 
some applications it might be useful to allow repeated elements in a 
set. In that case we use multisets, which are mathematical entities 
similar to sets, but with possibly repeated elements. So, as multisets, 
{a, a, b} and {a, b} would be considered different, since in the first one 
the element a occurs twice and in the second one it occurs only once. 

3 Properly speaking, the universe of discourse of set theory is the collection of 
all sets (which is not a set). 
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2.1.2. Venn Diagrams. Venn diagrams are graphic representa- 
tions of sets as enclosed areas in the plane. For instance, in figure 2.1, 
the rectangle represents the universal set (the set of all elements con- 
sidered in a given problem) and the shaded region represents a set A. 
The other figures represent various set operations. 




Figure 2.1. Venn Diagram. 




Figure 2.2. Intersection An B. 




Figure 2.3. Union A U B. 
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Figure 2.4. Complement A. 




Figure 2.5. Difference A — B. 




Figure 2.6. Symmetric Difference A ®B. 

2.1.3. Set Operations. 

1. Intersection'. The common elements of two sets: 

A fl B = {a; j (x G A) A (x G B)} . 

If A fl B = 0, the sets are said to be disjoint. 

2. Union: The set of elements that belong to either of two sets: 

A U B = {x | (x G A ) V (x G B )} . 
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3. Complement : The set of elements (in the universal set) that do 
not belong to a given set: 

A = {x G IX | x ^ A} . 

4. Difference or Relative Complement : The set of elements that 
belong to a set but not to another: 

A — B = {x | (x G A) A (x ^ B)} = A n B . 

5. Symmetric Difference: Given two sets, their symmetric differ- 
ence is the set of elements that belong to either one or the other 
set but not both. 

A © B = {x | (x E A) © (x E B)j . 

It can be expressed also in the following way: 

A® B = Ac B - An B = (A - B) C {B - A) . 

2.1.4. Counting with Venn Diagrams. A Venn diagram with 
n sets intersecting in the most general way divides the plane into 2 n 
regions. If we have information about the number of elements of some 
portions of the diagram, then we can find the number of elements in 
each of the regions and use that information for obtaining the number 
of elements in other portions of the plane. 

Example: Let M, P and C be the sets of students taking Mathe- 
matics courses, Physics courses and Computer Science courses respec- 
tively in a university. Assume \M\ = 300, \P\ = 350, \C\ = 450, 

| M n P\ = 100, I M n C\ = 150, \P n C\ = 75, \M n P n C\ = 10 . How 
many students are taking exactly one of those courses? (fig. 2.7) 




Figure 2.7. Counting with Venn diagrams. 

We see that \(MnP)-{MnPnC)\ = 100-10 = 90, \(MnC)-(Mn 
PnC)\ = 150-10 = 140 and \(PnC) - (M HPnC)\ = 75-10 = 65. 
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Then the region corresponding to students taking Mathematics courses 
only has cardinality 300— (90+10+140) = 60. Analogously we compute 
the number of students taking Physics courses only (185) and taking 
Computer Science courses only (235). The sum 60 + 185 + 235 = 480 
is the number of students taking exactly one of those courses. 



2.1.5. Properties of Sets. The set operations verify the follow- 
ing properties: 

1. Associative Laws: 

A U (B U C) = (A U B) U C 
A n (B n C) = (A n B) n c 

2. Commutative Laws: 

AUB = BUA 
An B = B n A 

3. Distributive Laws: 

A u (B n c) = (A u B) n (A u c) 

A n (B u C) = (A n B) u (A n c) 



4. Identity Laws: 


A U 0 = A 
AnU = A 


5. Complement Laws: 


AuA = U 




AnA = 0 


6. Idempotent Laws: 


AU A = A 




AnA = A 


7. Bound Laws: 


A U U = U 




A n 0 = 0 


8. Absorption Laws: 





A U (A n B) = A 
A n (A U B) = A 

9. Involution Law: _ 

A = A 
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10. 0/1 Laws: 

0 = 'll 
U = 0 

11. DeM organ’s Laws: 

AUB = AnB 
AnB = Al>B 



2.1.6. Generalized Union and Intersection. Given a collec- 
tion of sets A 1} A 2 , . . . , A n , their union is defined as the set of elements 
that belong to at least one of the sets (here n represents an integer in 
the range from 1 to N ): 

N 

U Ai = M u A 2 u • • • U A n — {x | 3n (x e A n )} . 

n = 1 

Analogously, their intersection is the set of elements that belong to all 
the sets simultaneously: 

N 

P) Ai = M n A 2 n • • • n A N — {x | Vn (x e A n )} . 

n = 1 

These dehnitions can be applied to infinite collections of sets as well. 
For instance assume that S n = {kn \ k = 2, 3, 4, . . . } = set of multiples 
of n greater than n. Then 

OO 

1J S n = S 2 U ,S 3 u ^4 u • • • = (4, 6, 8, 9, 10 , 12 , 14, 15, ... } 

n = 2 

= set of composite positive integers . 



2.1.7. Partitions. A partition of a set X is a collection § of non 
overlapping non empty subsets of X whose union is the whole X. For 
instance a partition of X = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} could be 

§ = {{1,2, 4, 8}, {3, 6}, (5, 7, 9, 10}}. 

Given a partition § of a set A", every element of X belongs to exactly 
one member of §. 

Example : The division of the integers Z into even and odd numbers 
is a partition: S = {E, O}, where E = {2n | n G Z}, O = {2n + 1 | n e 
Z}. 
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Example: The divisions of Z in negative integers, positive integers 
and zero is a partition: § = {Z + , Z~ , {0}}. 

2.1.8. Ordered Pairs, Cartesian Product. An ordinary pair 
{a, b} is a set with two elements. In a set the order of the elements is 
irrelevant, so {a,b} = {b,a}. If the order of the elements is relevant, 
then we use a different object called ordered pair , represented (a, b). 
Now (a, b) ^ (b,a) (unless a = b). In general (a, b) = (a',b') iff a = a' 
and b = b' . 

Given two sets A, B : their Cartesian product Ax B is the set of all 
ordered pairs (a, b) such that a G A and b G B: 

A x B = {(a, 6) | (a G A) A (b G B)} . 

Analogously we can define triples or 3-tuples (a, b, c), 4-tuples (a, b , c, d), 
. . . , n-tuples (a 1; a 2 , . . . , a n ), and the corresponding 3-fold, 4-fold,. . . , 
n-fold Cartesian products: 

A 1 x A 2 x ■ ■ ■ x A n = 

{(ai, a 2 1 • • • , a n ) \ (ai G A\) A (a 2 G A 2 ) A • • • A (a n G A n )} . 



If all the sets in a Cartesian product are the same, then we can use 
an exponent: A 2 = A x A, A 3 = A x A x A, etc. In general: 

(n times) 

A n = Ax Ax ■■■ x A. 

An example of Cartesian product is the real plane M 2 , where M is 
the set of real numbers (M is sometimes called real line). 
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2.2. Functions 

2.2.1. Correspondences. Suppose that to each element of a set 
A we assign some elements of another set B. For instance, A — N, 
B = Z, and to each element igNwe assign all elements y G Z such 
that y 2 = x (fig. 2.8). 




Figure 2.8. Correspondence x ±y/x. 

This operation is called a correspondence. 

2.2.2. Functions. A function or mapping f from a set A to a set 
B, denoted / : A — » B, is a correspondence in which to each element 
a; of A corresponds exactly one element y = f(x) of B (fig. 2.9). 




Figure 2.9. Function. 

Sometimes we represent the function with a diagram like this: 

A 4 B 



f-.A^B 

x i — * y 



or 



x i — * y 
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For instance, the following represents the function from Z to Z 
defined by f(x) — 2x + 1: 

/ : Z -> Z 
x 2x + 1 

The element y — f(x) is called the image of x, and x is a preimage 
of y. For instance, if f(x) = 2x + 1 then /( 7) = 2 ■ 7 + 1 = 15. The 
set A is the domain of /, and B is its codomain. If A' C A, the image 
of A' by / is f(A') = {f(x) \ x G A i.e., the subset of B consisting 
of all images of elements of A 1 . The subset f(A) of B consisting of 
all images of elements of A is called the range of /. For instance, the 
range of /(x ) = 2x + 1 is the set of all integers of the form 2x + 1 for 
some integer x, i.e., all odd numbers. 

Exainple : Two useful functions from M to Z are the following: 

1. The floor function: 

|_xj = greatest integer less than or equal to x . 

For instance: |_2J = 2, |_2.3J = 2, |yrj = 3, |_ — 2.5J = —3. 

2. The ceiling function: 

[x] = least integer greater than or equal to x . 

For instance: [2] = 2, [2.3] = 3, [t] = 4, [—2.5] = —2. 

Example: The modulus operator is the function mod : Z x Z + — > Z 
defined: 

x mod y = remainder when x is divided by y. 

For instance 23 mod 7 = 2 because 23 = 3-7+2, 59 mod 9 = 5 because 
59 = 6 • 9 + 5, etc. 

Graph: The graph of a function / : A — » B is the subset of Ax B 
defined by G(f) = {(x,f(x)) \ x G A} (fig. 2.10). 

2.2.3. Types of Functions. 

1. One-to-One or Injective: A function / : A — > B is called one- 
to-one or injective if each element of B is the image of at most 
one element of A (fig. 2.11): 

Vx, x' G A, /(x) = f(x') =>• x = x' . 
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Figure 2.10. Graph of f{x) = x 2 . 
For instance, f(x) = 2x from Z to Z is injective. 




FIGURE 2.11. One-to-one function. 



2. Onto or Surjective: A function / : A — > B is called onto or 
surjective if every element of B is the image of some element of 
A (fig. 2.12): 

\/y G B, 3a: G A such that y — f{x) . 

For instance, f(x) = x 2 from M to M + U {0} is onto. 




Figure 2.12. Onto function. 



3. One-To-One Correspondence or Bijective : A function / : A — > 
B is said to be a one-to-one correspondence, or bijective, or a 
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bijection, if it is one-to-one and onto (fig. 2.13). For instance, 
f(x) = x + 3 from Z to Z is a bijection. 




Figure 2.13. Bijection. 



2.2.4. Identity Function. Given a set A, the function 1a ■ A —■ ► 

A defined by 1 a(x) = x for every x in A is called the identity function 
for A. 



2.2.5. Function Composition. Given two functions / : A — > B 

and g : B — > C, the composite function of / and g is the function 
g o / : A — > C defined by (g o f)(x) = g(f(x)) for every x in A: 



9°f 




x I V I -z gly) gifix)) 

For instance, if A = B = C = Z, f(x) = x + 1, g(x) = x 2 , then 
(g o f)(x) = f(x) 2 — (x + l) 2 . Also (/ o g)(x) = g(x) + 1 = x 2 + 1 (the 
composition of functions is not commutative in general). 

Some properties of function composition are the following: 

1. If / : A — » B is a function from A to B, we have that / o l a — 
1 B°f = f- 

2. Function composition is associative, i.e., given three functions 

A 4 B -4 C A D , 
we have that h ° (g ° /) = (h o g) o f. 
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Function iteration. If / : A — > A is a function from A to A, then 
it makes sense to compose it with itself: / 2 = / o f. For instance, if 
/ : Z — > Z is /(x) = 2x + 1, then / 2 (t) = 2{2x + 1) + 1 = 4x + 3. 
Analogously we can define / 3 = /o/o/, and so on, f n = f o (n }™ es ) 0 f . 

2.2.6. Inverse Function. If / : A — » 5 is a bijective function, its 
inverse is the function / -1 : B — > A such that f~ l (y) — x if and only 
if f{x) = y. 

For instance, if / : Z — > Z is defined by ffx) = x + 3, then its 
inverse is /^ 1 (a:) = x — 3. 

The arrow diagram of / _1 is the same as the arrow diagram of / 
but with all arrows reversed. 

A characteristic property of the inverse function is that / -1 of = l A 
and / o /- 1 = 1 B . 

2.2.7. Operators. A function from A x A to A is called a binary 
operator on A. For instance the addition of integers is a binary oper- 
ator + : Z x Z — » Z. In the usual notation for functions the sum of 
two integers x and y would be represented +(x, y). This is called prefix 
notation. The infix notation consists of writing the symbol of the bi- 
nary operator between its arguments: x + y (this is the most common). 
There is also a postfix notation consisting of writing the symbol after 
the arguments: xy+. 

Another example of binary operator on Z is ( x , y) i— >• x ■ y. 

A monary or unary operator on A is a function from A to A. For 
instance the change of sign x > —x on Z is a unary operator on Z. An 
example of unary operator on M* (non-zero real numbers) x ^ 1/x. 
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2.3. Relations 

2.3.1. Relations. Assume that we have a set of men M and a set 
of women W, some of whom are married. We want to express which 
men in M are married to which women in W. One way to do that is by 
listing the set of pairs (m, w) such that m is a man, w is a woman, and 
m is married to w. So, the relation “married to” can be represented 
by a subset of the Cartesian product M x W . In general, a relation 3Z 
from a set A to a set B will be understood as a subset of the Cartesian 
product A x B, i.e., 1R C A x B. If an element a G A is related to an 
element b E B, we often write atkb instead of (a, b) E 1R. 

The set 

{a G A | atkb for some b G B} 
is called the domain of CR. The set 

{b G B | a 1R b for some a G A} 

is called the range of 1R. For instance, in the relation “married to” 
above, the domain is the set of married men, and the range is the set 
of married women. 

If A and B are the same set, then any subset of Ax A will be a 
binary relation in A. For instance, assume A = {1,2, 3, 4}. Then the 
binary relation “less than” in A will be: 

<a= {(x,y) E Ax A \ x <y} 

= {(1,2), (1,3), (1,4), (2, 3), (2, 4), (3, 4)}. 



Notation: A set A with a binary relation 1R is sometimes represented 
by the pair (A,fR). So, for instance, (Z, <) means the set of integers 
together with the relation of non-strict inequality. 



2.3.2. Representations of Relations. 

Arrow diagrams. Venn diagrams and arrows can be used for repre- 
senting relations between given sets. As an example, figure 2.14 rep- 
resents the relation from A = {a,b,c,d} to B = {1,2, 3, 4} given by 
CR = {(a, 1), (6, 1), (c, 2), (c, 3)}. In the diagram an arrow from x to y 
means that x is related to y. This kind of graph is called directed graph 
or digraph. 
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Figure 2.14. Relation. 

Another example is given in diagram 2.15, which represents the 
divisibility relation on the set {1, 2, 3, 4, 5, 6, 7, 8, 9}. 




Figure 2.15. Binary relation of divisibility. 



Matrix of a Relation. Another way of representing a relation 01 
from A to B is with a matrix. Its rows are labeled with the elements 
of A, and its columns are labeled with the elements of B. If a G A 
and b e B then we write 1 in row a column b if aOlb, otherwise we 
write 0. For instance the relation CR = {(a, 1), (6, 1), (c, 2), (c, 3)} from 
A = {a, b, c, d} to B = {1, 2, 3, 4} has the following matrix: 



12 3 4 



a 

b 



c 

d 



f 1 0 o o\ 
10 0 0 
0 110 
\0 0 0 0 / 



2.3.3. Inverse Relation. Given a relation 01 from A to B, the 
inverse of 01, denoted 1R” 1 , is the relation from B to A defined as 

63G 1 a <S=> aOlb . 






